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Abstract 



The symplectic quantization technique is applied to open free membrane and strings in pp- 
wave background and background gauge field obtained by compactifying the open membrane 
in the presence of a background anti-symmetric 3-form field. In both cases, first the Poisson 
brackets among the Fourier modes are obtained and then the Poisson brackets among the 
membrane(string) coordinates are computed. The full noncommutative phase-space struc- 
ture is reproduced in case of strings in pp-wave background and background gauge field. 
We feel that this method of obtaining the Poisson algebra is more elegant than previous 
approaches discussed in the literature. 
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1 Introduction 



It has been discovered recently that there exists a new maximal supersymmetric IIB supergravity 
background, namely pp-wave Ramond-Ramond (RR) background pQ. It consists of a plane- wave 
metric supported by a homogeneous RR 5-form flux 

h : 

ds 2 = 2dX + dX- - f i 2 X I X I (dX + ) 2 + dX I dX I , 1=1,..., 8 

-F+1234 = -F+5678 = 2/i . (1) 

The background has 32 symmetries and is related (by a special limit [2]) to the AdS$ x S 5 
background [H EJ 0]. Remarkably, string theory in this background is exactly solvable [5]. 
Solvability in this context means that it is possible to find exact solutions of the classical string 
equations of motion, perform a canonical quantization and then determine the Hamiltonian 
operator. 

On the other hand, the theory of membranes has also been studied extensively over the last 
decade [6]. In a recent paper [7], it has been shown that one can obtain the action of an infinite 
number of massive strings in the pp-wave background by compactifying the bosonic membrane 
action. Some properties of closed and open strings in this background has also been investigated 
in this paper. 

Noncommutativity is another area which has attracted a lot of attention in the past few years 
[8] owing to the inspiration of superstring theories. It is a well known result now that open 
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strings attached to D-branes in the presence of a background anti-symmetric B-field induces 
noncommutativity at its end points, i.e. along the world-volume of the D-brane [£l \TU[ lllj . 
This fact further reveals the nontrivial role of boundary conditions (BC) in string theory and 
the need of taking them into account when considering the quantization of open strings. The 
most conventional way in which this result has been derived is by employing the Dirac approach 
|12j with the string BC(s) imposed as second class constraints in |13 |, I10 |, fT^ I, I15j . A more elegant 
approach of obtaining this noncommutativity, done in spirit to the treatment of Hanson et.al 
[16j (where modified Poisson brackets (PB) were obtained for the free Nambu-Goto string), is by 
modifying the canonical bracket structure, so that it is compatible with the BC(s) [17|I18| IT9 ] I20]. 
A conformal field theoretic approach to this problem has been studied in |214 I22j . In [23], the 
Faddeev-Jackiw (FJ) symplectic formalism |24j has been applied to obtain the PB(s) among the 
Fourier modes which appear in the solutions of the classical string equations of motion. Using 
this they obtained the PB(s) among the open string coordinates revealing the noncommutative 
structure at the string end points. 

In this paper, we first show that strings in pp-wave background and background gauge fields 
can be obtained by compactifying the open membrane action in the presence of a background 
3-form anti-symmetric field. We then employ the FJ technique (as done before in [23]) to obtain 
the PB(s) among the Fourier modes and then between the string coordinates. The advantage of 
this method is that one need not know all the constraint chains by the consistency requirements 
that arise in the Dirac approach. 

The organization of this paper is as follows. To illustrate our method, we begin by discussing 
the free open membrane in section 2. In section 3, we discuss the interacting membrane and the 
symplectic structure of strings in pp-wave background and background gauge field obtained by 
compactifying the interacting membrane. Finally, we conclude in section 4. 

2 Free open membrane 

An open membrane is a two dimensional object which sweeps out a three dimensional world- 
volume parametrized by r, a 1 and a 2 . These parameters can be collectively referred to as £j, 
(i = 0, 1, 2). The Polyakov action for the bosonic membrane is then given by [6] 

S = JdrL = --L J d 3 e [fS^daX^d^ - l) ; (a, b = 0, 1, 2) (2) 

where, 

L = jTjT ^^(A^aW.-l) (3) 

is the Lagrangian and g a b = diag(—, +, +), rj^ u = diag(—, + ,...,+). The final term (—1) stands 
for the cosmological constant and does not appear in the string theory action. 
The variation of ([2]) gives the equation of motion 

(d 2 -d 2 -d 2 )X^r,a\a 2 ) = (4) 

and two types of BC(s). They are the Dirichlet BC(s) 

6X^r,a\a 2 )\ a i =0}7r = 

6X"(r,a\a 2 )\ a2 ^ = (5) 

and the Neumann BC(s) 

c^Cr^V 2 )!,!^ = 

d 2 X^r,a\a 2 )\ a 2^ n = 0. (6) 
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The canonically conjugate momenta 11^ to reads (we set 2-Tra' = 1 for convenience and we 
shall recover it whenever neccessary): 

In order to quantize consistently, we need well-defined PB(s) among the canonical variables 
X^{t, a 1 , a 2 ) and II M (r, a 1 , a 2 ) which read: 

{^"(r.ff 1 /), n,(r )( 7V)} = 5^5{a 1 -a l ')8{a 2 -o 2 ') (8) 

{X»(T,a\a 2 ), X»{T,a l \a 2 ')} = {IL^r, a 1 , a 2 ), U v (r, a 1 ', a 2 ')} = . (9) 
The Hamiltonian is obtained by means of Legendre transformation 

H = [ W T da 1 da 2 n^doX^ - L 
Jo Jo 

= i r r d ° id ° 2 ( nMn " + + d 2 x»d 2 x u ) ~ i] (io) 

2 Jo Jo 

and the time-evolution of X^fr, a 1 , a 2 ), II M (r, a 1 , a 2 ) is governed by 

d X»(r,a\a 2 ) = {X^(r,a\a 2 ), H} (11) 

dollar, a 1 , a 2 ) = {n„(r, a 1 , a 2 ), H}. (12) 

However, at the open membrane end points, the PB(s) ([8]) are not compatible with the BC(s) 
(0 [6j). This implies that the basic PB(s) must be modified in order to make them consistent 
with the BC(s). In the rest of the paper, we shall work with the Neumann BC(s) ©. 
The solution to the equations of motion (jlj) compatible with the BC(s) (J6|) read 

OO -i 

X»{r,a\o 2 ) = x^+^r + i^ — (a^j^-ati e~ inT ) cos^a 1 ) 

n=l » 

oo -. 

+* E 7^ (<m e imT - cC e~ imT ) cos(ma 2 ) 

m=l » 

+» 5] (n 2 + m 2 )" 1 / 4 (< m e *vTO^T _ a M e -Wn^+m^ cos ( nCT i) cos ( mf7 2 ) 

n,m=l 

= + p*V + % —/ = (a£o( T ) - a no\ T )) cos{na l ) 

71=1 * 

OO ^ 

+«Et^ («0m( T ) - OftiJWJ cos(ma 2 ) 

m=l » 

oo 

+i i™ 2 + m 2 )~ 1/4 (a^ m (r) - a%J t ( T )) cos^a 1 ) cos(ma 2 ) (13) 

n,m=l 

where we have defined a^ ( r ) = a n0 e mT , a^o {t) = a!^ e~ mT , and so on. 

The canonically conjugate momenta ([7j) expressed in terms of the Fourier components read 
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T)p,v P" ~ Yl V" (<o( r ) + «nO t ( T )) COS^CT 1 ) 
n=l 

^ ( a 0m( r ) + "om( T )) cos(ma 2 ) 

m=l 

oo 

Z + "i 2 ) 1/4 (<m( T ) + «nm( r )) COS^CT 1 ) COs(mcr 2 ) 



n,m=l 



(14) 



We shall now use the FJ method [24| to obtain the PB(s) between the Fourier components. The 
idea is to write a Lagrangian in the first-order form 



L = a n (C)d C-H 



(15) 



where £ n stand for all the canonical variables and a n (£) can be read directly from the inverse of 
the matrix 



fn 



<9a„(£) <9a m (£) 



provided the inverse of f mn exists. The first order form of the Lagrangian © reads: 

L = P T do 1 do 1 IL^oX' 1 - H . 
Jo Jo 

Substituting (fl~3j) and (fl~4"|) in the above equation yields 



(16) 



(17) 



P 



CXJ 



4E 



n=l 



a 0m( T ) + «0rrl 



m=l 

oo 



( r )) («L( r ) -«oJ( r )) 



n,m=l 



H 



(18) 



where, 



H 



7T~ 



p^p 



(JXJ 

v + Z n («nO t <0 + «nO t « 



n=l 



+ m ( a 0rl a < 
m=l 



Om "+" a 0m Q 0m 



1 



+5 E (- 2 + 



"ran "nm 1 "rim "nm 



n,m=l 



7T- 

y 



(19) 



and the dots denote differentiation w.r.t. r. 

It is now easy to read from the above first order form of the Lagrangian (|18p three sets of 
variables £ n = « (r), a^r)), £ m = (O), <J (r)), ^ m = « m (r), (^(r)), and their 



4 



a nm( T ))]- The matrix / for these three sets of variables can now be computed using (fTU|) and 
esult is 

f = (»*) <*» 



corresponding one forms a n (f) = -^^[« ( T ) + a no( T ))> -«o( r ) + a no( T ))]i a m(0 = 
-^^[( a 0m( T )+«0m(' r ))>-( Q: 0m( T )+ Q! 0m( T ))]> anda nm (£) = vKCWKiW)) 

the result is 

f = ( 

-B 0, 

in which is a null matrix and B is a diagonal matrix 

B nn' = 6 nn' > («, n' = 1, 2, ...) /or < modes (21) 

C m ' = ^L' J (m,m' = 1,2,...) /or modes (22) 

■ 2 

B nnW = *rm' *W ; (»»,"'. m,m' = 1, 2, ...) /or < m modes. (23) 



r 1 = ( ? * ) (2-D 



The inverse of the matrix / can be easily obtained and reads 

B 

Hence, according to FJ method, the non-trivial PB(s) are given by 



{< m (r), <,L,(r)} = ^T^U (25) 



which further reduces to 

„M t 



7T^ 

= ^^^nn'^W- (26) 
Now substituting (fT3j) and (fT9j) in (fTTj) leads to the PB(s) among the zero modes: 

K./} = "V*- (27) 

With the above results in hand, the PB(s) among the canonical variables X^(t, a , a 2 ) and 
n^(r, o 1 , o" 2 ) read: 

{^(r.a 1 /), ^(t,/,/)} = {n,(r,a 1 ,a 2 ),U u (T,a 1 ',a 2, )} = (28) 
{X^aV 2 ), II^o-V 2 ')} = ^ A + (o 1 , o 1 ') A + (o 2 , o 2 ') (29) 

where, 

A + (o, er') = — I 1 + ^ cos(no) cos(no') J (30) 



7T 



satisfies the usual properties of the delta function in the interval [0, w] [IS] . 

Note that the above symplectic structure is consistent with the Neumann BC(s) ([U]). 
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3 Open membrane in the constant three-form field background 



The Polyakov action of a membrane in the presence of a background anti-symmetric three-form 



field A pvp reads: 



S 



47TO 



(31) 



where e abc is anti-symmetric in all the indices. 

The variation of the above action leads to the equations of motion (|U) and the BC(s) 

{dtX* - A» vp d Q X»d 2 XP) | ffl=0 = 



The canonically conjugate momenta H p to X^ is given by: 



V^daX" - A pvp d x X v d 2 X? . 



Using U p , the BC(s) (f3"2"jh (|3"3"j) can be expressed in terms of the phase-space variables as: 



(f K - A\ p A\ p d 2 xPd 2 XP) d t X K - A^ p H v d 2 X" 



\a 2 =0.TT 



. 



(32) 
(33) 

(34) 

(35) 
(36) 



The above form of the BC(s) indicates that it is problematic to find exact solutions to the 
equations of motion @. So we study the low energy limit where the membrane goes to string 
theory in the limit of small radius for the cylindrical membrane. 

To do this, we take the a 2 - direction of the membrane to be wrapped around a circle with radius 
R. We choose further the gauge fixing condition 118^1 

X 2 = a 2 ; (0 < a 2 < 2ttR). (37) 

Now substituting the Fourier expansion of the world- volume fields X**{t, a 1 , a 2 ) (// ^ 2): 



XffaaW) = E Xttir,* 1 ) e™ 2 / R ; X» n (r, a 1 ) = X% t( T) ^ 

n=— oo 

in the action (|3ip and using (|37p . we obtain (recovering the 2ira' factor): 
1 +oc f 

S= ^E I drda 1 (d X^(T,a 1 )doX^(T,a 1 )-d 1 X^T,a 1 )d 1 X^(T,a 1 ) 



(38) 



-mlX^a^X.^a 1 ) - A pu2 d X%(r, a^X^r, a 1 ) 



+ 



E 



tin + m) 



2a' jr* , R 



daX^a^X^a^X^^a 1 ); m n = ^,a' = a'/R 



1 

2a 7 



S +J2 S n+ E 



i(n + m) 
R 



J dTda l A pup ^ 2 doX^a^dxX^a^X 



R 



-(ra+m) 



(39) 



1 Note that if the er 2 - direction of the membrane is wrapped around a circle of radius R, then the X 2 -direct ion 
is also compact on the same circle. 
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where, 



So= 2^ drda 1 [x*(t, ^Xq^t, a 1 ) - frX^T, a l )diX Qtl (r, a 1 ) 

- X^a^dxX^a 1 ) 



(40) 



is the usual low energy string theory action in the presence of background gauge field A^ V 2 = B^ v 
and 



1 

2cV 



drda 



-nn(r, cr 1 ) - diX%(r, a l )diX- nfJ ,{r, a 1 ) 



(41) 



-m 2 n X^T,a l )X^{T,a l ) - B^ <9 X£(r, a^iJCJr, a 1 ) 

is the action of massive strings in pp-wave background and background gauge field B^ [25] . 
Clearly, from (I39p . (|40jl and (j4ip we observe that the last term contains modes which are higher 
in energy than the first two terms. Hence in the low energy limit, we only consider the first 
two terms in the action (139p . The symplectic quantization of the usual string theory action (|40jl 
leads to the well-known noncommutativity at the end points of the string [23]. In this paper, 
we shall carry out the symplectic quantization of massive strings in pp-wave background and 
background gauge field B pv . 
The variation of S n gives the equation of motion 

(dl-dl + m 2 n )x^a l ) = (42) 

and the BC(s) 

(da^a^-B^doX^a 1 ))]^^ = 0. (43) 

The canonically conjugate momenta n n/i (r, cr 1 ) to X%(t, a 1 ) reads: 

iM^cr 1 ) = v^doX^a^-B^X^a 1 ). (44) 
Using II n u(r, cr 1 ), the above BC can be expressed in terms of phase-space variables as: 



M%d 1 X(l(T,a 1 )-B» p n.i n (T,a 1 ] 







where, M» p = (5^ p - B^ v B v p ) . 

The solution to the equations of motion (I42p compatible with the above BC(s) read [25J1 



X^a 1 ) = X^( T y)+X^(ry) 



(45) 



(46) 



where, 



n ( ~ \ , n sin(m n r) 
Xqu cos (m n r) + p£ n 



-B^ v [-po n cos(m„r) + m n XQ n sin(m n r)] 



cosh(m n Scr 1 ) 

sinh(m n i?(T 1 ) 



rh„B 



is the "zero mode" part (i.e. the modes with the lowest frequency) and 



E — ( < cos^cx 1 ) + ^B\a\ n sm(la'[ 



(47) 



(48) 



"We consider the case in which the B-field takes the form _B M „ 



B 
~B 
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The constant B is the eigen-value of the matrix B tl u and the frequencies are defined by: 



uj in = sgn(l)^Jl 2 + ml ; rh n 



m r . 



VTTb* 



(49) 



Using Xfc t(r, a 1 ) = X^ n (r, a 1 ), we find that the Fourier modes of the massive strings satisfy 
the relations 



J" t 

l 0n 



„f t _ J 



0,-n i POn — Po,-n i a Z,n 



i" t _ „M 



(50) 



The canonically conjugate momenta n^Ju (r, a 1 ) to Xjf} 11 (r, cr 1 ) expressed in terms of the Fourier 
modes read: 



Z>0 



l>0 



a l,-n e a -L-n e 



sm(la l ). (51) 



Now we apply the FJ procedure to obtain the algebra between the non-zero Fourier modes. To 
do this, we once again write down the "non-zero mode" part of the Lagrangian in a first order 
form 



da 1 U^doX^ _ H (i) 



which on substitution of the mode expansions (|48p and (|5ip read 



(52) 



L 



(i) 



x0 o (< n e-— -a^ n e— ) + ... 



in 

2 i>o luJl 



1 1 n 



(53) 



where, Q^p^ = (S^ p — jf L B fl u B u p ) and the represent terms which do not play a role in 

the determination of the symplectic structure. The explicit form of Hn^ is also not required for 
obtaining the PB(s) between the modes. 

As before, one can again read a set of variables and the corresponding canonical one-form 
a n i(£). The matrix (|16p once again reads the same as (I20p with the diagonal matrix B being: 



„pu 
-D .1 l 

ml n 



lit 



IX 



(54) 



Now from the inverse of / which reads the same as (|24|) . it is easy to read the PB(s) among the 
"non-zero" Fourier modes using the FJ technique. They are: 



K(r), oJJ^Cr)} 



i 

TT 



s 9n(l)uUQ {m) Y v S n+n > j0 S t/ . 



(55) 



The PB(s) among the zero modes x^ n and p^ n can be determined from the evolution equations 
dm fTJ) and read: 



{ x 0n> Po n '} 



TTm n B 



7r tanh(-irrh n B) 



v > n+n , 



(56) 



where Mn V has been defined earlier. Now since the BC(s) are valid on the boundaries, it is 
natural to demand that 



{X^a 1 ), X v n ,{ r y)} = ; for o\ a 1 ' G (0,vr) 



(57) 
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from which we get: 

K n , xl n ,} = -(BM-'r <W,o (58) 



OC, P U 0n '} = -rhKBM-'r 6 n+n >, • (59) 

With the above results (|55l [56l [58l [59]) in hand, and after some lengthy calculation, we obtain 
the following PB(s): 

{X^a 1 ), U n , u (r,a 1 ')} = 5% 5 n+n , ^ A + (a\ a 1 ') (60) 

1 , a 1 = a 1 ' = 

{X^a 1 ), X^a 1 ')} = 6 n+n , t0 {BM^ x { -1 , a 1 = a 1 ' = it (61) 

, otherwise. 

+1 , o-i = a 1 ' = 

{n^a 1 ),^-^ 1 ')} = S nW o m 2 n B^ x { -1 , a 1 = a 1 ' = tt (62) 

, otherwise. 

which agrees with [25 j . Note that in the B — > limit, the noncommutativity vanishes and the 
results are in conformity with [7]. 



4 Conclusions 

In this paper, we employ the Faddeev-Jackiw symplectic formalism to study the problem of 
open free membrane and strings in pp-wave background and background gauge field obtained 
by compactification of interacting membrane. The starting point is the solutions to the classical 
membrane(string) equations of motion. It is then observed that one can find the PB(s) among 
the Fourier modes first, using which the PB(s) among the original variables can be obtained. 
This idea was first proposed in [9] where the authors used the time-independent symplectic form 
([26j, |25j) to fix the PB(s) among the Fourier components. In this paper, we follow a slightly 
different method (due to [23]) to obtain the symplectic structure among the Fourier modes. The 
solutions of the membrane (string) equations of motion are substituted into the Lagrangian and 
then integration over the spatial variables is carried out to cast the Lagrangian in a first order 
form involving the Fourier modes from which the PB(s) (among the Fourier modes) can be easily 
read off. Finally, using this algebra we obtain a noncommutative phase-space structure. Our 
results agree with the previous work in the literature [25J. 
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